We combine the Hofstadter butterfly with Floquet theory studying a hopping model on the honeycomb lattice subject to a perpendicular magnetic field and illuminated with monochromatic light. We show how the deformation of the fractal structure depends on intensity and polarization. Finally, we investigate the distribution of the ground state Chern number of the Hofstadter butterfly in presence of the oscillating electric field.
I. INTRODUCTION
The study of light-matter interaction is one of the fastest growing research areas in todays physics. Here two-dimensional systems with underlying honeycomb lattice structure have attracted particular interest including graphene [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , silicene 11, 12 , germanene 12, 13 , and transition metal dichalcogenides 14 . The effect of periodically driven spin-orbit coupling in graphene monolayers was studied in Refs 15, 16 . An important aspect of two-dimensional systems under external driving is the formation of nontrivial topological phases dubbed Floquet topological insulators 1, 5, [17] [18] [19] [20] [21] . On the other hand, the topological properties of twodimensional systems are also drastically altered by applying a perpendicular magnetic field leading to fractal structures known as the Hofstadter butterfly [22] [23] [24] [25] . In this work we study graphene subjected to a strong perpendicular magnetic field and externally driven by polarized light. First we treat in section II the Hofstadter butterfly problem 22 on the honeycomb lattice [23] [24] [25] in a rigorous manner. Then we generalize it in section III to the case with a periodic driving, realized by linear and circular polarized light. We show some representative numerical results for different frequencies, intensities and polarizations. Finally, the topological properties of the Floquet-Hofstadter problem is characterized with Chern numbers in section IV. We compare the ground state Chern numbers for different frequencies and intensities. We combine an analytical as well as a numerical approach to the above quantities, and close with a summary in section V.
II. HOFSTADTER BUTTERFLY FOR THE HONEYCOMB LATTICE

A. Derivation of the Hamiltonian
To model graphene we use a tight-binding model where only nearest neighbor hopping can take place. We choose the lattice vectors as
a being the distance between the carbon atoms. The nearest neighbor vectors are
as depicted in Fig. 1 . The position of an arbitrary unit cell is
where m, n are integers. In presence of a vector potential the hopping parameter t gets modified by the Peierls phase,
where the phase is the integral over the vector potential along the hopping path 
For Landau gauge A( r) = (0, Bx, 0) , B is the magnetic field strength, the Peierls phase becomes independent of the index m, 
Thus, the Peierls phase can be written as
which leads then to the explicit form of of the Hamiltonian
where the sum is over all unit cell positions. The solutions of the stationary Schrödinger equation are planewave type states of the general form
where the creation operators a † m,n , b † m,n for the different sublattice sites are acting on the fermionic vacuum |0 . α n , β n are complex amplitudes depending only on n since the Peierls phase does so, see (8) . Making a projection on a state 0|a m ,n or 0|b m ,n leads to a system of coupled equations for the amplitudes
B. Periodicity of the Hofstadter Problem
The Eqs. (11), (12) define a prima vista infinite system of linear equation, which, however, closes to a finite one due to periodicity properties of the amplitudes involved. First of all we define the operators
such that for 
For even p, the translation operator T q acts on the state ansatz as
and consequently the amplitudes have the periodicity
In the other case where p is odd
and the amplitudes have to fulfill
The relations (19) , (21) can be summarized as
Thus, Eqs. (11), (12) define a finite linear system of equation for, say, α 0 . . . α q−1 and β 0 . . . β q−1 , and if both p and q are odd the relation between the missing amplitudes α q , β q and α 0 , β 0 , resp., contains an additional minus sign. This sign can be compensated by shifting the wave vectors by half of a reciprocal lattice vector as
leading to
This allows us to use (19) for all flux values in the calculation of the Hofstadter spectrum and Chern numbers but one should keep in mind that one gets a shifted band structure for some flux values. As a result, in order to calculate the Hofstadter butterfly a 2q × 2q matrix is sufficient to obtain the full Hofstadter spectrum.
III. FLOQUET-HOFSTADTER SPECTRUM
In this section we generalize the Hofstadter butterfly to the case of an additional oscillating electric field. We will focus on linear and circular polarization and show how the two polarization states affect the Hofstadter spectrum.
A. Circular polarized light
The following vector potential is representing in plane circular polarized light and a perpendicular magnetic field
The vector potential is included in the Hamiltonian via Peierls substitution. In what follows, the hopping parameter is renamed to g, and A(t) is representing only the time-dependent part of (25) .
The time-dependent Schrödinger equation can be expressed in the Floquet form
where ε is the quasienergy. Its general solution is of the form
where α n (t), β n (t) have the same periodicity as the Hamiltonian with the Fourier expansion
Additionally use the Jacobi-Anger expansion
where J n denotes the n-th order Bessel function of the first kind. The Floquet equation leads to the following coupled expressions for the amplitudes eAa . An exemplary numerical result can be seen in Fig. 3 . The bending direction represented by the green dashed line depends on the sign of the driving frequency ω.
B. Linear polarized light
We investigate now the case of linear polarization of the light represented by
The orientation of the linear polarization can be tuned by varying A x and A y . The effective amplitude for the three different hopping paths is then governed by
In contrast to the case of circular polarized light, where the transitions between the different Floquet modes are for all hopping directions equally suppressed, they are for linear polarization not. This can be seen from the fact that the argument of the Bessel function is different for each hopping direction. 
One should note that particle hole symmetry is for linear light polarization conserved, whereas it is not for circular polarization.
IV. CHERN NUMBERS
In the following we want to calculate the ground state Chern number 26 of the Hofstadter butterfly 27 , where ground state is here understood as the state with lowest energy, see Fig 6 . The Chern number is calculated numerically by the method proposed by Fukui et al. 28 We were able to reproduce the results of Goldman 27 but we calculated the Chern number for more different flux values. At a flux of one half the Chern number could not be computed since the two bands cross and no exact ground state is defined. At the flux values close to zero and one in Fig. 7 we were not able to calculate the Chern number either. The reason for this is the numerical degeneracy of the ground state. An explanation for this can be given in the regime of the integer quantum Hall effect 29, 30 as follows. If we restrict the values of the magnetic field to rational values, the degree of degeneracy of a Landau level is given via
For p = 1 or p = q − 1 we get exactly the Chern number of ±1, as expected in the integer quantum Hall effect. If with p co-prime to q < 101.
p is co-prime to q and q p the distance on the energy scale between the lowest p bands gets small. For large enough q the lowest levels can not be distinguished and, as a consequence, we were not able to calculate the Chern number with the method of Fukui et al. unified it with Floquet theory for illumination with both circular and linear polarized light. These two polarization modes lead to clearly different scenarios. Whereas circular polarized light in combination with a magnetic field is able to lift the symmetry of the spectrum around zero energy, linear polarized light is not, as shown by representative data. Moreover, we have studied the ground state Chern number for different flux values. The system undergoes several topological phase transitions when tuning the flux per unit cell. The distribution of the Chern numbers changes in presence of an oscillating electric field. There are intensity ranges where the Chern number has many different values as compared to the case were the electric field is absent. The differences between the two polarization states of the light were shown as well. 
